FExtremes
2008, Vol. 11, No. 4, pp. 339-351.

Extremes of Shepp statistics for the Wiener process

Dmitrii Zholud*

Abstract

Define Y (t) = Jnax W(t+ s) — W(t), where W(-) is the standard Wiener process. We study
the maximum of Y up to time T: Mp = [max Y (t) and determine an asymptotic expression for
P (Mp > u) when u — oco. Further we establish the limiting Gumbel distribution of M7y when

T — oo and present the corresponding normalization sequence.
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1 Introduction

First, we introduce two different techniques used in the asymptotic theory of Gaussian processes and
fields. For a Gaussian process Z(t), consider asymptotic behavior of the probability

P (maxZ(t) > u) , U — 00. (1)
[0,7]

In the case when Z(t) is a stationary Gaussian process with a covariance function r(¢) such that
r(t) —r(0) is a regularly varying function of index « for ¢t — 0, the exact asymptotic forms of (1) were
given by Pickands, see Pickands (1969a,b).

In the non-stationary case there are a number of results for Gaussian processes with a unique
point of maximum variance, see e.g. Berman (1985), Hiisler (1990) and related papers. When Z(¢) is
a Gaussian process with continuous paths, zero mean and nonconstant variance, and there is a unique
fixed point of maximum variance ¢y in the interval [0, 7], the asymptotic behavior of probability in
(1) is known. The theory sketched out above is described in detail in Piterbarg (1996).

Next, define X (t,s) = W(t+s) — W(t) and Y (¢) = 01232(1)((75’ s), for W(-) the standard Wiener
process. Let Mp = 1[101%1}}(}/(75) be the maximum up to time 7" of Y (¢). The aim of this paper is to find
the asymptotic behavior of P (Mp > w), the probability of high level excursions of Y (t) as u — oo
and to obtain the limiting distribution of M7 when 7" — oo.
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For the first task it is crucial to use a representation of Mp as a maximum of the Gaussian field

X (t, s) over rectangle [0,T] x [0, 1]:
Mr = max X(t,s).
[0,7]x[0,1]

Since for fixed s, X (-, s) is a stationary process, and for fixed ¢, X (t,-) is a process with a unique point
of maximum variance, the asymptotic behavior is obtained by combining standard techniques for the
corresponding cases. Let ¢ (u) be the tail of the standard normal distribution function. The following
result and its proof, as well as the expression for the constant H are given in Section 2.

Theorem 1.1. If Tu? — oo and Tu*y(u) — 0 when u — oo, then
P (Mr > u) = HTu?y(u)(1 + o(1)).

When the asymptotic behavior of the tail of distribution of M7y is known, we find a limiting dis-
tribution of Mp when T — oo. In this case it is essential to use the representation of My as
a maximum up to time T of stationary process Y (t). When [t; — t2| > 1, the random variables
Y (t1) and Y (t2) are independent . The method of establishing the limit theorem is common. Intro-
duce a partition of [0, 7] into long blocks A; = [i(S 4+ 1),i(S + 1) +.5) of length S, and short blocks

n

Bi=[i(S+1)+S,(i+1)(S+1)) of length 1 such that [0,7] = J (A; U B;). Then define a sequence

=0

of independent identically distributed random variables (i.i.d. r.v.) ¥; = max Y(t), i =1,2,.. Letting
S to infinity and following the proof of J. Pickands theorem for max{Y7, Y3, ...}, see Leadbetter et al.
(1983), the only thing left is to show that random variables Y; = max Y () over B; give negligible con-
tributions to the limiting distribution of the maximum My = max{Yy, Y7, Ys, Ys, Y3, V3...}. However,
this idea is extended to obtain a more general result, see Lemma 3.1. It will be used when building
limit theorems for the Shepp statistic for a Gaussian random walk, see Zholud (2009). As a corollary
of the lemma stated in Section 3 we obtain the limiting Gumbel distribution for Mr, when T — oo.

Theorem 1.2. For any fired x and T — oo, the following relation holds:

—x

P <(t ) max ar(W(t+s) —W(t) —br) < ac) =e ¢ +o(l),

,8)€[0,T7%10,1]

where

InH +%(Inln7 —Inn)
V2InT '

A similar result for the standardized Wiener process increments is obtained in Kabluchko (2007).
There are also a number of works about strong laws for the increments of the Wiener process, see e.g.
Csorgé and Révész (1979), Frolov (2005).

One of the applications of the result derived in this paper is given in Zholud (2009). Let (&,7 > 1)

ar =V2InT, br=v2InT+

k
be standard normal random variables, and Sy be the corresponding random walk, Sy = > &;, Sp = 0.

i=1
Define a random variable CéN)(k:) = LN (Sk+r—1 — Sk—1). Asymptotic behavior of the probability
(N)
i (mXN k) > “> 7
0<L<N

when v — 0o, N — oo in some synchronized way is then examined. For fixed u, owing to the weak
convergence of a random walk to the Wiener process,

(N) _
P(Oggq)gN(L (k)>u> =P (Mp>u)(1+0(1)), N — occ.
0<L<N

Paper Zholud (2009) shows that this equation also holds when u — co and u/v/N — 0.
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2 Asymptotic behavior of the distribution tail of My,

In this section we find the asymptotic behavior of the probability

P(MT>U):P<0I£¢E?§ (t+s)—W(t)>u), (2)
0<s<1

when u — oo and T' — oo in an appropriate way. As before, we denote X (t,s) = W(t + s) — W(t).
The proof is divided into two steps.

First, for any positive constant B we focus on the asymptotic behavior of maximum of X over a
thin layer [0, 7] x [1 — Bu=2,1]. It will be shown that within this area and assuming that u is large,
X(t,s) and X (¢,1) behave in a similar way, and it is possible to determine the asymptotic behavior
using the standard technique for stationary processes.

Second, knowing the asymptotic behavior of the maximum of X over the area of its maximum
variance, we will show that the maximum over the complementary set [0,7] x [0,1 — Bu~?] gives
neglible contribution to the probability in (2).

The proof of the first part is based on the Double Sum Method: the lemma below is the analog
of Lemma 6.1, Piterbarg (1996). To proceed, let A and B be any positive constants and denote
p=Au"2 qg= Bu=? and Ag(u) = [0, p] x [1 — g, 1]. Although it is possible to obtain a representation
similar to what we get in Lemma 2.1 by repeating the proof of Lemma 6.1, Piterbarg (1996), our proof
does not follow the standard procedure. Instead of passing on to the family of conditional distributions
as in Piterbarg (1996), we extract the common part of the increment X (¢, s) for all (¢,s) € Ap(u) and
use independence of the Wiener process increments.

Lemma 2.1. Let u — oo. Then

w2

max s) — uw)=HE ! e 2z 0
P(AO(U)W(t+ ) —W(t) > ) Hy Joru (1+0(1)),

where

B __ _A+B B
Hf =e 2 Eexp(orgzz)iW(therA) W(t))

0<s<B
Proof: We have that since 1 — ¢ > p for large wu,

3 (iﬁ?i‘) W(t+s)— W(t) > u>

=P (W(L=0) = W) + max Wit +.9) = W1 =) + W)~ (o) > u).
o(u

and by stationarity and independence of the Wiener process increments W (t + s) — W (1 — ¢q) and

W (p) — W (t), the probability above is equal to

P<£+£noa(m$W(t+s—(1—q)—|—p)—W(t)>u>

=P <£+ max W(t+s+p) —W(t) >u> ,
e
where random variable ¢ is normally distributed with zero mean, variance 02> = 1 — p — ¢ and is

independent of the expression inside the maximum sign.
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Thus,

3 (21(1)% W(t+s)—W(t) > u>

2wo 0<t<p
> 0<s<q

oo 2
= fe_%QP(maxW(t+s+p)—W(t)>u—v) dv.

After the change of variables v = u — %7, the last expression equals

0 (u—1)2
z 1u [ e T2 P (max uW(t+s+p) —W(t)) > w) dw

2m 0<t<p
0<s<gq

2

e_;fT? 7 w?/u?
= /e_ 202 e P| max W(t+s+A)—W(t) >w | dw.

27rauioo 3§§§§
Next, by the dominated convergence theorem, which follows from the upper estimate of the probability
under the integral sign (see Borel’s theorem, Piterbarg (1996), p.13), and relations 02 — 1 and

2 A+B

U2 — u
¢ 207 — 5 (I+ptato(u 2))(1 +o(l)=e"ze "2 (1+0(1)),
when u — 00, we obtain the desired representation. [l

Corollary 2.1.1.

1) Hf is nondecreasing with respect to the parameters A and B.
2) H}431+A2 < Hfl + Hfz'

8) HY < AHE, for any integer A.

Our next aim is to move on from the rectangle [0, Au=2] x [1 — Bu~2,1] to the layer [0,7] x [1 —
Bu~2,1]. We use Lemma 2.1 and the Bonferroni inequality to obtain estimates of the probability of
high level excursions of the maximum of X. Then we show that estimates from below and from above
are asymptotically equivalent.

Let Aq(u) = [rAu=2, (r +1)Au=2] x [1 — Bu~2,1]. For ease of notation we suppress dependence on u.
Using stationarity of X (¢, s) with respect to t, we obtain that

(TAHJFUP(maX X(t,8)>U>>P max  X(t,s)>u| >
(ts) o o

u2
> (5~ 0P max X(09)> ) -

- Z P < max X(t,s) >wu, max X(t,s)> u) ) (3)
9 (t,s)€A (t,8)EAm
0<t,m< TY= 41

l#m

Let p;r, denote the summands in the last sum in (3). The sum, owing to stationarity, does not exceed

2<TA“2+1) 3 pon @)
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Estimating the probabilities pg , from above, we will show that the sum (4) is negligible, and thus the
upper and lower estimates in (3) are asymptotically equivalent.

The estimates are obtained in slightly different ways, in the same manner as in Lemma 7.1,
Piterbarg (1996). The next lemma is a modification of Lemma 6.3, Piterbarg (1996).

Lemma 2.2. There exists an absolute constant C' such that inequality

P ((t’ril)zg‘oX(t, 5) > u, (tgl):g‘TX(t, s) > u) < C(AB)Zw(u)e*W

holds for any A,B any 1 <r <1+ “7?, and for any u, u > ug,
up = inf {u cetAT? 21 94y ? , Bu?< } .

Proof: The Gaussian field X (¢, s) has zero mean, is stationary in t, and its covariance function is

N

K(t,s;t1,s1) = mes ([t,t—f—s]ﬂ[tl,tl —I—sl]) . (5)
Consequently, a global Holder condition holds, that is,
E(X(t,s) = X(t1,51))" < 2(|s — s1] + [t — ta]). (6)

Introducing Y (v,w) = X (v) + X (w), where v = (¢, s) and w = (¢1, s1), we obtain

P < max X(t,s) >u, max X(t,s) > u) <P ( max Y (v,w) > 2u> .
(t,S)EAQ (t,S)GAT Agx Ay

Using (5), (6) and restrictions on r and w it is straightforward to derive bounds on the variance of
Y (v,w) and then to obtain an estimate from below of the covariance function of normalized field
Y*(v,w), see Lemma 6.3, Piterbarg (1996). Further steps repeat the proof of the lemma. O

Corollary 2.2.1. When r > 1+ “7: and u > ug the following inequality holds

P < max X (t,s) >u, max X(t,s)> u) < C(AB)?y(u)?
(t,s)€A0 (t,s)EA,

Indeed, for r > 1 + “7? the events inside the probability are independent and this finishes the proof.

Corollary 2.2.2. When r =1 and u > ug, the following inequality holds

P < max X(¢,s) >u, max X(t,s) > u)
(t,s)EAo (t,s)eA,
< (CaB?e VA 4 (VA + ) HE )i (w).
The proof follows Lemma 7.1 on p.107 in Piterbarg (1996). We are now ready to estimate (4) from
above. Since

Tu? u? Tu?

ot T Tl
Z Pon = Po,1 + E Pon + E Po,n
n=1 n=2 nz%—i—?

and estimating the first summand by using Corollary 2.2.2; the second using Lemma 2.2 and the last
using Corollary 2.2.1, we obtain

5 Copyright © 2017 by Dmitrii Zholud
www.zholud.com


http://www.zholud.com

Dmitrii Zholud

(4) <2(Z8 +1) () { (CaBpRe YA+ (VA+ DHP) +
FOAB) Y. e ity TC(ABW(U)} |
n=2

Assuming that Tu? — oo and Tu?y(u) — 0 it follows from (3), (4), Lemma 2.1 and the estimate of
(4) above that

T 2 ~177B
ulggo P max X(t,s) >u /Tu Y(u) < A" Hy
1-Bu—2<s<1

and (7)

. 2 N-1pB _
ul;fn; P max X(t,s) >u /Tu P(u) > (A) " HY,
1-Bu—2<s<1

VA’ / o0 n— /
—25/{((14’3)26_ y _|_\/1‘TC+1H{3>+(A/B)QZ€_(?A}'

n=2

Thus, noticing that the expression in the last line tends to zero when A’ — oo, and applying Corollary
2.1.1 3), we see that

lim AT'HY <

Iim (A4)'HE < HP < .
A—oo Al—o0 A !

Finally, we want to show that the limit

HB = lim A7'HE, 0< HP <HP < o, (8)
A—o0
that exists as a consequence of the estimate above, is positive. This is done by following the proof

of D.16 in Piterbarg (1996) when considering the probability of high level excursion over the subset
D= UAQZ N [O,T] X [0, 1].
i

Thus, assuming A and A’ in (7) tend to infinity and applying (8), we obtain the asymptotic
behavior of the probability of high level excursion of the maximum of X (¢, s) over the upper layer
[0,T] x [l — Bu=2,1]:

Lemma 2.3. Assuming Tu? — oo and Tu?y(u) — 0, the following equality holds

P max  X(ts)>u| = HBTup(u)(1+ o(1)).
1-Bu—2<s<1
Below we give the second part of the proof. It shows that the asymptotic behavior of the probability
of the high level excursion of the maximum of X (¢, s) over the upper layer, which corresponds to the
area of the maximum variance of the field, gives the main contribution to (2).
Let B,(u) =[0,T] x [1 — (n+1)Bu~2,1 — nBu~2] and assume that the conditions Tu? — oo and
Tu?p(u) — 0 are satisfied. As before, we suppress the dependence of B,, on u and continue with

Lemma 2.4. Starting from large enough values of u, if nBu=? < %, then

P (( n%a)](3 X(t,s) > u) < 4H236_%"BTu2w(u)(l + c(u)),
t,s)EBp

where c¢(u) — 0, when u — oo.
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Proof: Normalizing by the maximum standard deviation of X (¢, s) over B, we get

. (t,s) u
P (s, X000 0) =P (s 2 > i)

=P max X(t,s) > —t—
0<t<T/(1—nBu—2) (t5) V1-nBu=—2

Bu=2 .
1-nBu—2

1—

__u
<P OISI%;%%(T X(t,s) > ——
1-2Bu—2<s<1
The expression on the right-hand 81de satisfies all the conditions of Lemma 2.3, and for large enough
|

2"B holds uniformly in n.

u inequality w(W) < 2Y(u)e”

Lemma 2.5. If nBu=2 > %, then

P max X(t,s) >u | <CTur (v 2u).

(t,5)€[0,7]x[0,1]\ ‘QO B;

Proof: Expanding the set under the maximum sign, we get

<P | max X(¢,s) >u

0<t<T
0<s<d

P max X(t,s) >u

(t,)€[0,7)x[0,1]\ _LZJO B;

[0, 2] equals 5. Theorem 8.1, Piterbarg
U

The maximum of the variance of X (¢, s) over the set [0, 7]

(1996) finishes the proof.
Now follows the proof of Theorem 1.1: Lemmas 2.3, 2.4 and 2.5 imply that

- . o> i DL
. t T > 1 =
tin P (5, X0 > ) /T 2 i =2

and
P may X(t.s) > u)

(¢, S)GBO

. 2
Jm P (Mﬂi‘ﬁ% 1]X(t ') > )/ o) < Jon, mv

+ f P ( max X (t,s) > u) +P | max X(t,s)>u
= (t,5)€DBn (t,5)eB

(e8]
< HP 4 4H?P x Y e

n=1

[0, 1] \ U B Now note that the constant H? = Ahm A1HB is non-
—00

where B denotes |
decreasing with respect to the parameter B, and the last inequalities show that it is bounded from
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_l.p
e 2"B" also

(18

above. Thus, lim HP = H, say, exists, finite and positive, and lim HB 4 40?8 «
B—oo B’'—o00

equals H. O

3
Il
N

3 Limit theorem for My

In this section we consider the case where T' goes to infinity, and we obtain the limit distribution
of (Mp — ar)/br for the appropriate normalization functions ap and by. First we prove a general
lemma, which can serve as a template for obtaining limiting theorems not only for random fields,
but for a family of fields as well. We assume that the specific asymptotic behavior of the tail of the
distribution of the maximum of some field takes place and that this asymptotic behavior is defined by
an asymptotic relation between threshold u, parameter S that defines the set over which the maximum
is taken, and parameter N discussed below. The condition that defines the asymptotic behavior will
be denoted by, say, D(u, N, S). The following lemma shows that knowing asymptotic behavior under
D(u, N, S) we can derive a new condition involving 7" and N such that if it holds when T goes to
infinity, M7 has limiting Gumbel distribution.

Lemma 3.1. Assume that

1) XN(t,s) N =1,2... is a family of fields stationary with respect to the parameter t, and defined on
the set [0,00) x [0, 1].

2) For any N, any t,t; such that |t —t1| > 1 and any s,s1 € [0,1], the random variables XN (t,s) and
XN(ty,51) are independent.

3) By D(u, N, S) we refer to some logical statement that involves variables u,N,S and such that
if D(u,N,S) holds then the following asymptotic behavior of the tail of the distribution of a mazimum
of XN(t,s) over the set Dg = [0, 5] x [0, 1] takes place:

P <maxXN (t,s) > u) ~ SF(u,N) (9)

Dgs

for some function F(u,N). We also demand that if D(u,N,1), then (9) holds for S = 1.

4)Let T — oo and suppose there exist appropriate normalizing functions ap and by such that

lim TF(up,N)=¢€"*
(N—o0)

for any fived x, where up = by + % Functions ap and by may also depend on N.

5)Let S = S(T) be such a function that S — oo and n = <= — oo when T — co.

S+1
Then, if D(ur, N,1) and D(ur, N,S(T)) hold,
P <rrj:1)axXN(t, s) > uT) —1—e¢". (10)
T

n

Proof: Let us introduce a partition [0,7] = |J (4; U B;), with A; = [i(S+1),i(S+ 1)+ S] and

1=0
B =[i(S+1)+S,(i+1)(S+1)] so that |A;] =S and |B;| =1 for all 7.

Copyright © 2017 by Dmitrii Zholud 8
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For the expression on the left-hand side of (10) we have that
n
P(max XN(t,s)<up)|=1-P max XN(t,s)>ur U max XN(t,s) >u .
( DTX (t:8) < T) <¢U() {Aix[&{l} (t,5) T Bix[(i(l] (t:5) r
Applying stationarity of XV (¢, s) with respect to ¢ we obtain the following estimate

n
1—nP XN(t,s) > -P XN(t,s) > <
P (g e > or) ~2 (0 g, X0 > ) <

<P XN, s) < <1-P XNt s) > . 11
<P (i X (0,3) < ur ) < (Z»ZOA?i?@fﬂ (t9 w) (1)

Here the term nP ({na]}g XN(t,s) > uT> is estimated using D(ur, N,1) and 3) and, for penultimate
0,1

equality, 4)

nP <%1%§XN(@ s) > uT> = nF(ur, N)(1+o(1)) = TELLN (1 4 (1)) = “2He0) — 4(1),

Using the fact that Ama[ux]XN(t, s) and Am?x }XN(t,s) are independent for ¢ # j, see 2), and,
iX 0,1 3 X 0,1

again, stationarity, we estimate the expression on the right-hand side of (11) using D(ur, N, S(T))

and 3) in the third step, and 4) and 5) in the fifth, we get

ﬁP< max X(t,s) < UT) = (1 —P< max XN(t,s) > uT))n

1-p( [ XN(t,5) > ur ) =
(U max X7 (t, ) UT) Lo Ao A0x[0,1

i=0 Aix[0,1]
— (1= SF(up, N))" = enln(1=SF(ur.N)) — o=nSF(ur.N)(1+o(SFur.N) — ¢=¢ % (1 4 o(1)).
It therefore follows from (11) that
e "(1+o(1)+o(l) <P (I%E;XXN(t, s) < uT> <e T (1+0(1)),
and this finishes the proof. O

Corollary 3.1.1 (The Wiener process).

Put XN(t,s) = W(t +s) — W(t). We say that D(u, N,S) holds if and only if Su?> — oo and
Su?p(u) — 0, u — oo . Thus, conditions 1), 2) and 3) of the lemma are satisfied by Theorem 1.1.

It is easy to verify that Condition 4) is satisfied for

T InH+L(nlnT —1In7)
ur = +v2InT + 2 .
NG YA V2InT

In 5) we set S(T) = /T. Condition D(ur, N,1) becomes equivalent to ur — oo that is equivalent to
T — oo owing to our choice of up. Finally, using 3) it is easy to show that

S(T)udap(ur) = S(T)/T x TF(up, N) = e (14 0(1))/VT = o(1).
Thus D(ur, N, S) is equivalent to T — oo and Theorem 1.2 holds.
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