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Extremes of Shepp statistics for Gaussian random walk

Dmitrii Zholud*

Abstract

Let (&,7 > 1) be a sequence of independent standard normal random variables and let Sy =
k
>~ & be the corresponding random walk. We study the renormalized Shepp statistic MéN) =
i=1

1 ] 3 M e
max max (Sg+r—1 — Sk—1) and determine asymptotic expressions for the probabilit
VN 1<E<TN 1§L§N( kt+L—-1 k—1) ymp p p v

P (M:(FN) > u) when u, N and T' — oo in a synchronized way. There are three types of relations
between u and N that give different asymptotic behavior. For these three cases we establish the
limiting Gumbel distribution of M;N) when T, N — oo and present corresponding normalization
sequences.
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theorems, Wiener process.
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1 Introduction

k
Let (&,7 > 1) be a sequence of independent standard normal random variables, and let S, = >_ &;,

=1
with Sg = 0, be the corresponding random walk. Introduce the Shepp and the closely related Erdos-
Rényi statistics
WN,L = max TNJ and TN,L = max Sk+L—1 - Sk—h
1<I<L 1<k<N

and define

éN)(k) = \/1N (Skr—1— Sk-1) = \/1N Z &

We study the asymptotic behavior of the probability
P ( max C}JN)(/C) > u) (1)

0<k<TN
0<L<N

when u — 0o, N — oo in a coordinated way. In fact, (1) is the probability of exceeding the level
uyv/N by the Shepp statistic Wrn n. Related problems were described in Erdés and Rényi (1970),
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Piterbarg (1991), Kozlov (2004) and Piterbarg and Kozlov (2002). Paper Piterbarg (1991) presents the
asymptotic behavior of the probability of moderate deviations for the Erdds-Rényi statistic under the
assumption of sub-gaussian distribution of random walk step and papers Kozlov (2004) and Piterbarg
and Kozlov (2002) study large deviations of the Erdds-Rényi and Shepp statistics for Cramér random
walk. To get the full picture of all possible cases of asymptotic behavior of (1) we reformulate the

result obtained by A.M. Kozlov in Kozlov (2004). Let ¢ (u) ~7*/2z be the tail of standard

rfe

normal distribution and introduce the finite positive constant

Jg = hm QlEez‘p{H max (\fS - Hn)}

Theorem 1.1 (A.M. Kozlov). Assume u — co, N — oo — 0,

where 0 < 0 < co. If Tu?y(u) — 0 and Tu? — oo, then

VN

(N) -~ 2
P <0£rkl§%<N . (k) > u) JoTu“tp(u).

0<L<N

The present paper extends this result to moderate and excessively large deviations. For comparison
and ease of reference we also restate the main result of Zholud (2008) which deals with the continuous
time case and is crucial in proving the asymptotic formula for the case of moderate deviations. Let
W (-) be the standard Brownian motion.

Theorem 1.2 (D. Zholud). Assume u — oo. If Tu? — oo and
Tu?(u) — 0, then

0<t<T
0<s<1

P (max (W(t+s)—W(t)) > u) = HTu?p(u)(1 + o(1)),

where the constant

B—oo A—o0

H = lim lim A_le_MTBEexp (()rgtzgg (Wit+s+A) — W(t)))

OESEB
18 finite and positive.

The case of moderate deviations (i.e. \/LN — 0 when u — o00) is intermediate between Theorem 1.1
and Theorem 1.2.

Theorem 1.3. Assume u — 0o, N — oo, \/LN — 0. If Tu? — co and Tuy(u) — 0, then

0<k<TN
O<L<N

P( max (L ( )>u> ~ HTu*y(u).

Indeed, this asymptotic behavior is different from the one in Theorem 1.1 in the constant multiplier
and coincides with the asymptotic behavior for the case of continuous time, Theorem 1.2. The proof
of Theorem 1.3 can be found in Section 2.

A further comment is that if N — oo and u is fixed, then we could apply weak convergence of
a random walk to the Wiener process, and the probabilities in Theorem 1.2 and Theorem 1.3 would
coincide. However Section 3 shows that just applying weak convergence under the probability sign
leads to incorrect results, and that the rigorous and somewhat technical proof of Theorem 1.3 is indeed
needed. The main result of this section is as follows.
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Theorem 1.4. Assume u — co, N — oo, LN —o00. If TN > 1 and TNy(u) — 0, then

P <Oglg;<N (k) > u) ~ [TNJ(u).

0<L<N

This theorem completes full description of the possible asymptotic behavior of (1) under various
relations between v and N.

Finally, using the results of Sections 2 and 3 we obtain limit Gumbel distribution for M:(FN) when
T, N — oo. If one of the following relations holds,

2InT 2InT

0. 92) 2InT
N ' N

2
—6%>0. 3) ~

1)

— 00,

then, there exist functions ar and bp such that for any fixed x

0<k<TN
0<L<N

P ( max aT(CéN)(k:) —br) < l’) =e ¢ +o(1).

The corresponding theorems and normalizing constants can be found in Section 4. A similar result
for standardized increments of Gaussian random walk is obtained in Kabluchko (2007).

There is also extensive literature on a.s. convergence of related quantities, see e.g. Shepp (1964),
Erdos and Rényi (1970) and Frolov (2004).

2 Moderate deviations of the Shepp statistic

In this section we prove Theorem 1.3. That is we find the asymptotic behavior of the probability (1)
when u — oo and u/v/N — 0. Tt will be shown that it coincides with the asymptotic behavior for
continuous time case, given in Theorem 1.2. The idea of the proof is similar to Zholud (2008) and we
divide it into two main parts.
First, for any positive constant B we will focus on the asymptotic behavior of maximum of CéN) (k)
over a thin layer
{(k,L):0<k<TN,(1-Bu?)N < L<N}.

Within this area and for large wu, CéN)(k) behaves approximately like C](VN)(k:), and it will be shown
that it is possible to determine the asymptotic behavior using similar techniques as used for stationary
process in Piterbarg (1991).

Second, knowing the asymptotic behavior of maximum of the random variable CéN)(k) over the
area of its maximum variance, we will show that the maximum over the complementary set {(k, L) :
0<k<TN,0<L<(1-Bu2)N} gives a neglible contribution to the probability in (1).

The proof of the first part is based on the Double Sum Method. The lemma below is the analog
of Lemma 2.1 in Zholud (2008). Let A and B be positive constants and set p = Au=2, ¢ = Bu~2. By
Ap(u) we refer to the set of pairs (k, L) € [0,pN] x ((1 —q)N, N], where k and L are positive integers.

Lemma 2.1. Let u — oco. Then

(N) B_1 2
P k)>u|=H = (14 0(1)), P
(o 0> ) = 15 e (1 0(1) ©)
where
HEY = e*AgBEexp max W(t+s+ A) —W(t)
A 0<t<A '

0<s<B

3 Copyright © 2017 by Dmitrii Zholud
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Proof: Let [x] denote the integer part of z. We have

M I

(V) ) [k+L—1] ) [(1=g)N] k4+L—1
max (; (k) = max 7= & = Tﬁ o4+ max Z &+ . > | &
+1

Ao(w) Ao(u) i=k =[pN]+1 Ao(u) (1—q)N

The L + [pN] — [(1 — ¢)N] random variables in the sums inside the “max” sign are independent
of the variables in the sum outside the “max” sign. We renumber the variables inside the maximum
sign and denote them by E; Thus,

| [N | RN
P(maxCL ()>u>—P Vil >, &+ max —o o &>

Ao(u) =N+l oSiZhN i=k

e 1;2
— 7f \/;?P <0£2§;(N \F(S’/HLHPN} - S, >u— v) dv,

0<L<gN

k
where o2 = [A=08ZPN 14 61 = 5™ ¢ with 5} = 0.
=1

For the sake of briefness introduce

M(k,L) = omax F(SkJrLJr[pN — Sp-1)-

0<L<gN

Using the change of variables v = u — @, and recalling that u./p = VA, the probability in question
is seen to equal to

00 (u—VAw/u)? _w? 0 Aaw?/e? Vaw
\/%u f e 202 P(M(k’L) >w) ds = \/%ue 252 _{Oe 202 e o2 P(M(k‘,L) >w) dw. (3)

By weak convergence of a random walk to the Wiener process, for any w,

lim P(M(k,L) >w)=P [ max W(t+s+1)-W(t) >w]|,
pN=e0 0235 /A

where W (-) is the standard Wiener process; using Lemma 1 Piterbarg (1991) it is straightforward to
show that

w2

P (M(k,L)>w) <2 21.

Thus, by dominated convergence

oo Aw2/u2 VAw oo
[ e 27 e 2'p (M(k,L) >w)dw= [ eVAup ( max (W(t+s+1)=W(t)) > w) dw + o(1)
oo -0 0<s<B/A

1 —
= =Eexp (0@5?5‘ W(t+s+A) W(t)) +o(1).

0<s<B
Finally, since 02 =1 — p — ¢ + o(u~2) the factor in front of the integral (3) is equal to
\/Z e—§(1+p+q+0( 1
V21T vV 27ru
and we obtain (2). O

1+ o(1) = “5 VA5 (11 0(1))
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Our next aim is to consider the layer [0,T'N] x ((1 — ¢)N, N]. We use Lemma 2.1 and the Bon-
ferroni inequality to obtain estimates of the probability of high level excursions of the maximum of
(éN)(k). Then we will show that estimates from below and from above are asymptotically equivalent.

Define Ag(u) = {kpN +1,...,(k+ 1)pN} x {(1 —¢)N +1,..., N}. For ease of notation we suppress

dependence on u and assume that p/N and ¢V are integers. Using stationarity of CéN)(k) with respect
to k, we obtain that

0<k<TN
(1—g)N<L<N

(Tp~t+1)P <HK%X C}JN)(k) > u) >P ( max CéN)(k:) > u>

>(Tp~ ' —-1)P (niax CéN)(k:) > u)

- Y P <m§x ¢ (k) > u, max ¢V (k) > u) :

0<l,m<Tp—1l41
l#m

Let p;,, denote the summands in the last sum. This sum, due to stationarity, does not exceed

Tp~ 141
2Tp™ +1) Y pon.

n=1

Estimating the probabilities pg , from above we will show that the double sum is negligible, and thus
the upper and lower estimates in the Bonferroni inequality are asymptotically equivalent. The esti-
mates of pg,, are obtained in the same manner as in Piterbarg (1991). The proof will be divided into
four parts.

Cast 1.1: 1 <n <ng. The value of ng will be chosen later. We have

<P max ( k) >u max k)>u
Pon = 0<k:§pN(n+1)/2CL (k) 7pN(n+1)/2<k§pN(n+l)CL (k)
(1-q)N<L<N (1-q)N<L<N

=2P max ( KY>u| —P max k)>u
0<k<pN(n+1)/2 <L ( ) 0<k<pN(n+1) CL ( )
(1-¢)N<L<N (1—q)N<L<N

Applying Lemma 2.1 we obtain that

_?
2

1
Pon < = (2H 41y = Hinyry)e™ % (14 gnu V), @

where g, (u, N) — 0.

CASE 1.2: ng < n < ep_l — 1. The value of € will be chosen later. First, introduce random
variables

L (1-g)N L ey ) npN+(1—q)N
n= VN Z &, G = N Z &, G = N Z &
i=(n+1)pN+1 i=pN+1 i=pN+N+1
5 Copyright © 2017 by Dmitrii Zholud
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Then, postponing the explanation of the last equality,

(n+1)pN k+L—1
Po,n 77+C1+max Z+ >+ X & > u,

i=k i=npN+1 i=(1-p)N+1

. (n+zl%pN pNz—‘SN k:+ZL:—1
N+ (2 + max — + + & >u
A, VN i=(1—q)N+1 i=npN+(1—q)N+1

=P (77—{—(1 —|—Iriax§}4(k:) >u, n+ G —}—niaxg“}:(k) > u> ,
0 0

where
1 k+L—(1—q—2p)N—-1 1 k+L—(1-2g—2p)N—-1
Cr (k) = —— &l and (k)= — & . 5
LB = > L= > )

The main idea of this representation is that we consider CéN)(k:) for all possible pairs (k,L) € Ag
and “extract” the common summand 7 + (3. Analogously, for each (k,L) € A, we “extract” the
summand 7 4+ (2. These summands are always present in CéN)(k) when k, L are within the corre-
sponding sets. It is easy to check that for ¢ < 1/2 and u large, the restriction on n ensures that the
variables 1, (1, (2 are independent. By construction they are also independent of the variables that
remain inside the maximum signs. The latter are renumbered and called & and & in such a way
that (5) holds. Although & and 53-’ may denote the same r.v. &, in our case the dependence between
1 (k) and ¢7 (k) does not matter. What is essential is that 7, (i, (2, are independent of (} (k) and of
7 (k). We now omit the arguments for ¢} (k) and (7 (k), and the set over which the maximum is taken.

From (5) it follows that

o0 2
(1+Co max ¢’ +max ¢ _ 1 G+ & max '+ max (" -t
pgmgP(n—i— 2+ 5 >u)— 2WQ*{@P( 5 + 5 >u—v>e 202 du,
where o2 now is equal to [“‘”N]‘N[("“)p N1, Changing variables v = u — /DS we get
2 o
VA *% (C1+ © max ¢'+ max (" > gs
Pon < e 2 _{OP N/ 57 > s)eo? ds
u? f<C1+ C2+maxg + max ¢’ )
= 0'2 o2 2P 2P
ﬁ e 202 Ee
w? Q(ClJr CQ) @(max ¢’+ max C”)
= g e 202Ee 2\ 2vP /Ee o2 2vp . (6)
U

We now estimate the three factors that form the bound for pg . Since 62 =1—q— (n+1)p+o(u™?),
for sufficiently large u the factor in front of the expectation is bounded by

o _ui2 < 2 _u? _A(n+D)+B
e 202 < ——¢ 2e¢ 2 .
\/% \/ﬂu
G+¢

Next, since random variable >} Jp s normally distributed, has zero mean and its variance does not

Copyright © 2017 by Dmitrii Zholud 6
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exceed (n — 1)/2, we have that

Q(CH Cz) A(n—1)
Ees?\ 27 ) < e 40t

In order to estimate the remaining expectation we will require an estimate of the probability

p (maxC’—l—maxC” S s) >0,
2\p

k
According to notation in (5) and denoting S, = ) & we see that the latter equals
i=1

1

p (nﬁx (Sk+L—(1—q—2p)N—1 - Sk—l) + HKZX (Sk+L—(1—2q—2p)N—1 - Sk—1> > 2v pNS)

! !
<P |max§ + max -5
> ( Ao Pkt L(q+2p) N-N—-1 T 380~ k-1

1! 1!
+ max Skt L+ (2q+2m)N-N—-1 T ogclgzv —Sp1 > 2y PNS)

2

< 4P ( max S, > @s) < g5 (5at25°7) < de™ 1, (7)
0<k<(2¢+3p)N

where we applied Lemma 1 Piterbarg (1991) in the second to the last step. Thus, for any posi-

tive t we obtain the following estimate

max C’+ max C”

oo / " oo 2
Ee (mspe=s) _ [ te*P (W > s) ds <144t [ e 3ids < 1+ 4/24mteb”.  (8)
% 0

VA

Then we put ¢t = ¥ and when A is large, the estimate (8) gives

Ee? 2P

VA male max ¢/
F () 8\/2247\/26%.
g

We are now ready to estimate pg,. Gathering the estimates of the factors in (6) we get

EEVA L _an(i-ty)eA(2-1) -

u —
T2 e 104

vl

Pon <
" 2mu

Owing to the restriction ng <n < ep™' —1 we have 62 =1 —q¢— (n+ 1)p +o(u"2) > 1 — 2¢, and
choosing € such that 4(1 — 2¢)? = 3 we conclude that

C A u2 n—
p(),n§ 12\7/r;e_26_,4 643_g7 (9)

where C] is some positive constant.

Case 1.3: ep! <n <p !+ 1. In much the same way the representation (5) gives

pon <P <277 +G+ G+ max Cr(k) + max Cr(k) > 2“) .
0 0

However, when n > ep~!, it may turn out that the sum in the expression for 7 is empty. In this

case we set 7 = 0. We should also change the upper limit of summation in the definition of (; to
min{npN, (1—p)N}, and the lower limit of summation for (2 to max{2pN+(1—p)N+1, (n+1)pN+1}.
Therefore, ¢’ and (¢”, may consist of a smaller number of summands.

7 Copyright © 2017 by Dmitrii Zholud
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For any positive ¢, multiplying both parts of the inequality under the probability sign by t/2 and
applying Chebyshev’s inequality to the exponents, we obtain that

¢1+¢2 | max ¢/ +max C")
vt
pon < e B \TTETT

¢1+¢o max ¢/ +max ¢’
—tug t(n+ ) p(mexCpmax (7
= e MES\TT 2 )Ee 2 )

(10)
Although ¢’ and (¢” may contain smaller number of summands, it can be seen that this does not
change the proof of (7) sufficiently. Thus the estimate (8) remains valid and

max C/+max C/

Rl (P552S) + 4v/247t /petP. (11)

Next, according to the remark about limits of summation in {; and (s, the variance of % does not

exceed @. The variance of 7 does not exceed max{0, 1—(n—1)p}. Applying Laplace transformation

to the sum 7 + %, and since restrictions on n provide (¢ —p)/2 < (n —1)p/2 <1/2,

¢1+¢ tQmax (L_QMJ_(L_QL)? 2
E(ﬂt(?ﬂr%) <e { _ } _ ! (125/4>. 12)

So, gathering (12), (11) and (10),

2
t“(1—e/4)
— e—tu‘

pon < (1+4V 247Tt\/;566t2p)e

Setting t = we obtain the desired estimate

—u
1—e/4>

w2

pon < Cov/Ae®e 20-9) (13)

CASE 1.4: n > p~ !+ 1. In this case the two events inside the probability Po,n are independent and
Lemma 2.1 gives

Pos < 2(HZ)*p(u)?. (14)
The bounds obtained in cases 1.1-1.4 allow us to estimate pg,, for any value of n. Let po(u) =
L_—5%" Fgtimates (4), (9), (13), (14) imply that

V27w
Tp_'+1
2Tp™ ' +1) X pon <2(Tp~' +1)
n=1
no—1 B B 0 _An=43_B
X Zl <2HA(n+1)/2 - HA(n+1)> (1 +ga(u,N))+ 3 CrvAe™ 572 ) po(u)
n= n=ng

u2
+p 1o/ AebAe 20 4 Tp12<H£>2¢(“)2}'

Recall that p~! = u?/A. If Tu? — oo and Tu?p(u) — 0, then using the estimate above and the
Bonferroni inequality on page 5 we conclude that

lim P < max CéN)(k:) > u)/Tquo(u) <A 'H%

u, N 0<k<TN
(1—q)N<LLN
and (15)
Copyright © 2017 by Dmitrii Zholud 8
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lim P ( max C}JN)(k:) > u)/Tquo(u) > A-1HB

0<k<TN
u,N (1—q)N<L<N
L ng—1 B B C 7§ S An—43
_ - _ _9olie = -
2A 7;1 (QHA(n+1)/2 HA(n+1)) o e G

It was proved in Zholud (2008) that the limit

HE = lim A7'HE HP >0
A—o0 A

exists. Thus A~! (ZJLIE(HH)/2 — Hf(nﬂ)) — 0, when A — oo. Choosing ngy greater than 43 and

letting A in (15) tend to infinity we obtain the asymptotic behavior of the probability of high level

excursions for maximum of C(LN)(k) over the “upper” layer,

(N) _ 7B, 2
P < omax ¢ (k) > u> = H”Tupo(u)(1+ o(1)). (16)
(1—q)N<L<N

The second part of the proof is to show that the asymptotic behavior of the probability (1) is deter-
mined by the behavior of CéN)(k:) over the upper layer, which corresponds to the area of maximal
variance of the field. Thus we need to estimate the probability of the high level excursion of the
maximum of the random walk over the complementary set. Applying stationarity of CéN)(k) with
respect to k we obtain the following estimate

() WL ()
P omax ¢ (kB)>u ] < (Tp~ +1) 1;1 xP ,max, L (k) >u ). (17)
0<L<(1-g)N = (1—(n+1)g)N<LL(1-nq)N

Let p,, denote the probability under the sum sign. Bounds for p,, will be obtained in two steps.

CASE 2.1: n < 13p~' — 1. The restriction on n ensures that the sum extracted from (éN)(k‘) in

the equality below is not empty

[(1=(n+1)q)N]

(V) 1
max k)= X &

L N ?
0<k<pN .

(1= (4 D)) NS LE(1—ng)N i=[pN]+1
L [pN] k+L—1
max — ; .
+ ,max, w2 &t > &
(1= (n+1)g) N<L<(1—nq)N i=k i=[(1—(n+1)g)N]+1

Repeating the proof of Lemma 2.1 we obtain the following analog of the equality (3),

(o]
A _ u? _141,4;2/11.2 VAw
Pn = \/2\/7712 / e 2?2 e 01?2 P (M(k,L) > w) dw, (18)
mTo U

2

where ¢’ is equal to

[(A=(n+1)q)N]—[pN]
N .
The expression (3) for the probability in Lemma 2.1 differs from (18) only in the variance o’? of

9 Copyright © 2017 by Dmitrii Zholud
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the extracted summand. Recall that 0% in Lemma 2.1 is equal to w. It is straightforward
to show that )
o ng _9
— =1 .
o +1—(n+1)q—p+o(u ) +z
With this notation the right-hand side of (18) takes form
u? ]
VAe 21T r w2 VAu, VAu
vae / e~ om0 P(M(k,L) > w) dw.
V2ro2u

—00

The first exponent under the integral sign is a parabola with respect to w and attains its maximum

at the point w = TT Straightforward calculation then show that

u '\/7“)
Pn < 67202K / M(k,L) > w) dw,

2mo’ 2u

where

K=14—— =1+

—>1 .
142 +1—q—p_ g

Finally, owing to Lemma 2.1 there exists a constant C' such that
n 1
pn < ge_TBHE

~ o \/27Tu

where o(1) — 0 uniformly in n when u, N — 0.

5 (14 0(1)) < Ce=F HEpy(u),

CASE 2.2: np > %g Now ¢’? can be arbitrary small and using Lemma 1 of Piterbarg (1991)
we get

2

o <P max CéN)(k) >u | <2P( max Sy > %UN/N) < 2e {5t < 9eu
00<<Lk<<li?’6NN O<ks o N+pN

Thus, combining the estimates for p,, obtained in cases 2.1 and 2.2 with (17) and (16) we have

— HBC x

: 2 B

lulrjrvl P(ogj%%(w CL ( ) > u)/(Tu po(u)) < H® + E:
O0<LLN

lim P( max CL ( ) > u)/(Tqug(u)) > HP.
U,N 0<k<TN

O0<L<N
It was proved in Zholud (2008) that the limit H = Blim HB exists and is positive. Letting first

—00
A, and then B tend to infinity, we conclude that the upper and lower limits coincide and equal H.
This finishes the proof of Theorem 1.3.

3 Very large deviations of the Shepp statistic

Here we prove Theorem 1.4. The asymptotic behavior of the probability (1) under assumption that
u/vV N — oo is considered. First, we find the asymptotic behavior of the probability

P Mk)>u). 19
(2m0, 00 > 0 (19)
Copyright © 2017 by Dmitrii Zholud 10
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As in the previous section, we then show that the maximum of the field CEN)(k:) over the complemen-
tary set {(k,L):0 <k <TN, 0 <L <N — 1} gives neglible contribution to the probability (1).

Now a key lemma that plays an essential role in establishing the asymptotic formula for (19).

Lemma 3.1. Let (£§1,&2) be a Gaussian random vector such that & and & are standard normal
variables with correlation coefficient o < 1. Then,

1 1,2 1 V14t o ~ly2lze
e

P& >u,&b>u)< e 2" 1+« Ta,
& <2 ) V2mu 27ru( ) V11—«
Proof: The variable & can be expressed as the sum of two independent variables a&; and ¢, where
¢~ N(0,1—a?). By ¢c(-) we will refer to the density function of (. Denoting the probability in the
statement of the lemma by I(u) we have

o0 00 9
,L P( 2
I(U) (€1>UO‘€1+C>UZ\/%?{€ 2 C>u—ow \/%u C>u av) de—%
__Me—%oo L‘Ofoe%m
N \/ﬂv “ mu v

w2

00 2
- f/T;uP (C > u(l - a f \/ﬂ ( wg(uv w0 P(C>yqé_av)>dv,

Write K (u) for the first summand in the last expression. The second summand is less than

[e.o]

(6 w2
— /e2g0<(u —av)dv
2mu
and thus I(u) is bounded by
[e'e) _1 2+(u7av)2 w2 oo 1 au)
[0 1 2 —a? _ e T2 5 o
K(U) + Sl f \/27r(1—a2)€ 1 )du = K — f \/27T(1 a2 2 102 gy
= K(u) + aK(u) = 21me au ‘1+a)P (\/1Ea2 > u\%hi) :

The lemma now follows from the standard upper bound of the standard normal distribution tail. [

Next, we estimate (19) using the Bonferroni inequality

[TN]P (g}vma) > u) > P < max ¢V (k) > u>

0<k<TN

> [TN]P (g}VN>(1) > u) - Y P (g}VN)(l) > u, ¢ (m) > u> .
1<l,m<TN
l#m
By stationarity, and applying Lemma 3.1 with

o=, = EC](VN)(l)C](VN) (n) = max{0, N=

we get that the double sum is bounded by

2TN 3 P( M) > u, ¢ n) >u) <N 3 P((](VN)(I) >u)2

n=2 n=N+1
2

N _
+2TN 5. L e 2 L (1+ay,) VI¥on o3 15an

n=a vV 27w V2mu V1—an
11 Copyright © 2017 by Dmitrii Zholud
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As before let po(u) denote \/217”16_%“2, the asymptotic bound for the standard normal distribution
tail. The first summand is then less than

2ATNYP (1) > ) = 2ATNPpo(w)*(1 +o(1))

and the second is estimated from above by

2\/W N _M n—1 B
2N ( ) = o(TNpo(u)),

where we took into account that u/v N — oc.

Replacing the double sum by its upper estimate and dividing both sides of the Bonferroni inequality
by [T'N]po(u), and assuming T'N > 1, we get that

+o(1) 2 P a0 > ) / ITNI(0) 2 1= ATNpo(u)(1+ o{1)) + (1)

Finally, for TNpo(u) — 0 we obtain the following asymptotic formula for the probability (19),

P( max ¢ (& )>u> = [TNpo(u)(1 + o(1)). (20)

0<k<TN

The remaining step is to note that the probability for the maximum over the complementary set is
neglible. Since

P ( max (L ( ) > u> < TN]\filP ((]gN)(l) >u>
0<k<TN =1

O<L<N-1
N-1 = N w2(N—L)
<TN > po (u\/]LV> = TNpo(u) Z
=1

2\ N-L
< TNpo(w) S ( - ) — o(TNpo(u),
L=1

the latter estimate and (20) conclude the proof of Theorem 1.4.

4 Limit theorems for M}N)

In this section we consider the case when T, N go to infinity. It can be shown that for appropriate
normalization constants ar and by the limit distribution of (M}N) — aT> / br is Gumbel. Theorem
4.1 exhibits the normalizing constants for three different limit relations between 7" and N.

Theorem 4.1. Assume that one of the following relations hold:

2InT

2InT 50 2InT
' N

2
N 2) N —60°>0. 3)

1)

— OQ.

Then, for any fized x,
P (03133‘%(]\, aT(CL ( ) - bT) S .'IZ'> —e + 0(1),
O<L<N

Copyright © 2017 by Dmitrii Zholud 12
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where
(T,N)+ 4 (Inln7 — In)

V2InT

F
ar =V2InT, bpr=+v2InT+

and the function F(T,N) is given by

2InT
1) F(T,N)=InH 2) F(T,N)= ln% 3) F(T,N) = —In ]1\17 .
The proof follows from Lemma 3.1 of Zholud (2008) closely, and is hence omitted.

The limit distribution for the case 21% =62, 0 < # < oo was obtained by A.M. Kozlov in Kozlov

(2004) and was reformulated in Theorem 4.1 for comparison purpose.
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